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In a recent experiment [1], Kwon et al. generated a disordered state of quantum vortices by translating an oblate Bose-Einstein condensate past

a laser–induced obstacle and studying the subsequent decay of vortex number. By solving the Gross-Pitaevskii equation with phenomenological

dissipation, we shed light on the observed dynamics. We find initially the formation of a symmetric wake, which later becomes disordered. Following

removal of the obstacle, the vortex number decays due to vortices annihilating and reaching the boundary.

1. The Kwon et al. experiment
Quantum turbulence can be investigated using ultracold Bose-Einstein conden-

sates (BECs). These systems provide impressive control of particle interactions

and potential in both time and space. By tightly confining the trap geometry

along one axis, Kelvin waves are suppressed in the z direction and the vortices

closely embody 2D point vortices. In this way states of two-dimensional (2D)

quantum turbulence have been reported [1, 2];

In the experiment [1], a trapped, oblate BEC was translated past a stationary,

laser-induced obstacle. As is characteristic of superfluids [3], vortices were nu-

cleated into the condensate once the relative speed exceeded a critical value.

The condensate containing N = 1.8 × 106 23Na atoms was confined within a

harmonic trap with axial frequency ωz = 2π × 350 Hz and radial frequency ωr =
2π × 15 Hz, forming a Thomas-Fermi density profile with radius RTF ≈ 70µm in

the xy plane.

2. Gross–Pitaevskii Equation
We parametrize the condensate by a wavefunction φ(x , y , t) satisfying the 2D

Gross–Pitaevskii Equation (GPE):
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where µ is the chemical potential of the condensate, m the atomic mass and g =
2~a(2πωz~/m)1/2 is the effective 2D nonlinear interactions where a is the s-wave

scattering length. We solve the GPE on a 1024× 1024 grid using a RK4 method.

The potential, V (x , y , t), consists of a harmonic trap Vtrap(x , y) =
1
2m[ω2

r (x
2 + y 2)]

and a Gaussian obstacle, Vobs(x , y) = V0 exp [−2(ǫ2x2 + y 2)/d 2], with ellipticity ǫ.

Phenomenological damping is introduced into (1) by replacing i on the left hand

side with (i − γ). We choose γ = 0.0003 so as to model the experiment in its very

coldest realization of 130 nK [7, 8].

3. Vortex Generation
The trap is translated rapidly and the condensate begins a sloshing motion, in

which the centre-of-mass of the BEC oscillates at the radial trap frequency ωr .

As the BEC sloshes first to the left the fluid velocity exceeds the speed of sound;

vortices nucleate at the poles of the obstacle and are washed downstream.
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Figure 1: Snapshots of the condensate density, for speed v = 1.4mm/s and in the presence of dissipation. Vortices

of positive (•) and negative (N) circulation are marked. The field of view is of size [170µm]2 and centered on the

centre-of-mass of the condensate.

During the initial evolution vortices of negative and positive circulation are cre-

ated in an irregular manner. During this early stage, many vortices annihilate,

leaving behind sound waves. The condensate then sloshes to the right nucle-

ating further vortices. As the sloshing mode is damped by the dissipation, the

relative speed of the obstacle decreases and the nucleation pattern changes:

like-signed vortices are generated near each pole, forming symmetric classical–

like wakes [5, 6]. This effect leads to clustering of like-signed vortices (t = 69ms)

and the vortex distribution remains symmetric about the x axis.

At later times (t > 318ms) this symmetry breaks and the vortices evolve into an

apparently random configuration with no significant clustering. Besides vortices,

the condensate also contains a disordered sound field, indicative of 2D quantum

turbulence [2, 6].

4. Number of vortices nucleated
In Fig. 2 we plot Nv versus the transla-

tion speed v . We see the same quali-

tative form between our simulations and

the experiment: above a critical speed

vc ≈ 0.45mm/s vortices enter the sys-

tem, and for v > vc the growth in Nv

is initially rapid but tails off for v ≫ vc.

Acoustic effects and thermal dissipation

act to reduce the number of vortices in

the system. With dissipation, the data

for Nv becomes closely in line with the

experimental data.
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Figure 2: Number of vortices Nv in the condensate after

removal of the obstacle, without dissipation (◦), with dissi-

pation (�), and experimental results extracted from Fig. 1

of [1] (×).

5. Decay of the number of vortices
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Figure 3: Decay of vortex number at (a) short times

and (b, c) long times for a translational speed of v =

1.4mm/s. Shown are the results with no dissipation

(—) and with dissipation (—). Fits to the model are

also shown (- - -).

Once the obstacle is removed, Nv de-

cays monotonically with time. Kwon

et al. [1] argued that there are two

mechanisms by which vortices decay,

(i) thermal dissipation (resulting in loss

of vortices at the edge of the conden-

sate), and (ii) vortex-antivortex annihila-

tion events, and proposed that the vor-

tex decay takes the form:

dNv

dt
= −Γ1Nv − Γ2N

2
v , (2)

where the linear and nonlinear terms, parameterized by the positive coefficients

Γ1 and Γ2, respectively model vortices which move out of the condensate and

vortices which annihilate. Fitting our Nv(t) data (with the constraint Γ1, Γ2 > 0)
to Eq. (2), we find Γ1 = 0 for the dissipation-free GPE, meaning that the only

significant decay is through annihilations, and Γ1 = 0.113, Γ2 = 0.00439 in the

presence of dissipation. These results agree well with experiment.

6. Crescent low-density regions
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Figure 4: Density and phase just before (a), immedi-

ately following (b) and a later time after (c) a vortex-

antivortex annihilation event. The field of view is

[4.1µm]2, centered on the vortex pair.

Figure 4 shows the condensate density

and phase during a reconnection event.

Vortices show up as localized dips in

the density and 2π-defects in the phase.

Figure 4 (a) shows three vortices (ABC)

close to each other. Individual vortices

are not spatially resolvable through their

density alone, but they are clearly iden-

tified by the phase plot. A short time

later (b), vortices A and B annihilate,

as confirmed by the disappearance of

their phase singularities, leaving behind

a shallow density depression. This den-

sity depression rapidly evolves into a

shallow, crescent-shaped sound wave

[Fig. 4 (c)].

7. Conclusions

The recent experimental [1] creation and decay of vortices within a BEC is well

described by the 2D GPE with phenomenological dissipation.

A quasi-classical wake of vortices forms behind the obstacle, before symmetry

breaking causes disorganisation of the vortices.

The vortices decay in a manner which is consistent with the mechanisms pro-

posed by Kwon et al. .

We confirm the presence of crescent-shaped density features, resulting from

annihilation or from vortices in close proximity. Information about the condensate

phase as well as the density is thus crucial to distinguish the nature of these

observed structures.
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